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Kauffman-Harary Conjecture for Virtual Knots
Mathew Williamson
ABSTRACT
In this paper, we examine Fox colorings of virtual knots, and moves called k-swap moves
defined for virtual knot diagrams. The k-swap moves induce a one-to-one correspondence
between colorings before and after the move, and can be used to reduce the number of virtual
crossings. For the study of colorings, we characterize families of alternating virtual knots
to generalize (2, n)-torus knots, alternating pretzel knots, and alternating 2-bridge knots.
The k-swap moves are then applied to prove a ”virtualization” of the Kauffman-Harary
conjecture, originally stated for classical knot diagrams, for the above families of virtual
pretzel knot diagrams.
v
1 Background and Motivation
1.1 Introduction
In [KVKT], Kauffman defines an extension of classical knot theory, called virtual knot the-
ory, motivated by Gauss codes and thickened surfaces. Many classical knot invariants can
be generalized to virtual knot theory, including quandle knot colorings. Fox ([F]) described
colorings of knot diagrams by Zn and related them to Alexander polynomials and homomor-
phisms from the knot group to dihedral groups. Since then, colorings of knot diagrams by
quandles have been extensively studied. This paper considers virtual knot colorings, along
with a virtualization of a classical knot conjecture by Kauffman and Harary ([KH]).
Conjecture 1.1.1 (Kauffman-Harary Conjecture 1) Let D be a reduced alternating
knot diagram with a prime determinant p. Then every nontrivial Fox’s p-coloring of D
assigns different colors to different arcs of D.
The conjecture was first posed in [KH], and proved for torus knots T (2, n) in the same
paper. In a later paper [KL], it was shown that the Kauffman-Harary conjecture holds for
any 2-bridge knot (rational knots) without restrictions on the knot determinant. Later, in
[AM], the conjecture was proved for all Montesinos links and a more general conjecture was
made involving the homology of the double cover of the 3-sphere S3 branched along a link.
Finally, in [AS], a conjecture associated with the Alexander quandle was introduced, which
generalizes the original conjecture for Fox colorings.
This paper deals with an analogue of the original Kauffman-Harary conjecture for virtual
knots. To accomplish this, we introduce a move called the k-swap move. It is instructive to
note that Kauffman studied 1-swap moves (he only described what they did, and he did not
have a name for them) in [KVKT]. He showed that the 1-swap does not change the Jones
polynomial and the involutory quandle but may change the fundamental quandle. This
fact had a corollary which was used to easily construct a virtual knot that had a nontrivial
fundamental group but a trivial Jones polynomial. To put this result into perspective, the
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question of whether a nontrivial classical link could have a trivial Jones polynomial was only
answered in 2000 ([ES]), but for knots it is still an open question. In virtual knot theory,
however, the question was answered quickly. So Kauffman’s approach to what we call a 1-
swap move was to show that we can build nontrivial virtual knots from trivial classical knots,
keeping some invariants unchanged. Our approach is to simplify virtual knot diagrams and
apply results from classical knot theory to virtual knot theory.
The paper is organized in the following way. Section 1 organizes the background needed
for the main results. It explains virtual knots, quandles, knot colorings, and the Kauffman-
Harary conjecture. In Section 2.1, the k-swap move for virtual knots is defined and shown
to be a coloring invariant over virtual knots. Also in Section 2.1 is the result that the k-
swap move does not change the Kauffman bracket, and therefore the Jones polynomial is
unaffected as well. Section 2.2 and 2.3 show that alternating closed 2-string virtual braid
diagrams, alternating virtual pretzel knot diagrams, and alternating virtual 2-bridge knot
diagrams each satisfy the Kauffman-Harary conjecture, using the k-swap move defined in
Section 2.1.
Finally, we would like to thank Dr. Gregory McColm for his numerous contributions to
this thesis. Without his help, it would not have been accomplished.
1.2 Preliminaries
1.2.1 Classical Knots
The most fundamental of all questions in knot theory is examining whether two knots are
the same knot. This is a subtle problem, and many invariants and techniques have been
found to help. To procede further, we need to know what a knot is. A knot is the image
of a differentiable embedding f : S1 → R3 from a circle S1 to the 3-dimensional Euclidiean
space R3. Two knots are equivalent if there is a diffeomorphism of R3 that takes one knot
to the other. This definition excludes knots with limit points, and polygonal knots, both of
which we do not need. If interested, check [CP] for more information.
Since knots are subsets of R3, we can move the strands of a knot in R3 as long as two
strands do not pass through each other. Projecting a knot down into the standard xy-plane
gives us a knot diagram. Since we can move strands in R3 without cutting them, and since
we can rotate the knot at will, there are infinitely many knot diagrams of any given knot.
This makes recognizing that two knots are equivalent difficult. For an example of two knot
2
diagrams whose knot is equivalent, see Figure 1.1. To see that these knot diagrams are
Figure 1.1: Two diagrams of an equivalent knot: a trefoil
equivalent, we can employ the Reidemeister moves to transform one diagram into the other.
These moves are pictured in Figure 1.2.
III)
I)
II)
Figure 1.2: The Reidemeister moves
It is known that two knot diagrams are equivalent if, and only if, one diagram can
be transformed into the other using a finite sequence of Reidemeister moves. It is usually
impractical to try and find a sequence of Reidemeister moves to prove that two knot diagrams
are diagrams of an equivalent knot. Thus, in this thesis, we study equivalence classes of knots
by diagrams and their moves, instead of by differential mappings, and we turn our attention
to knot invariants which tell us if two knot diagrams are diagrams of different knots. A
few knot invariants are discussed later in this paper so we do not talk about any specific
invariants yet.
When we talk of knots, we mean that we have only one component (or strand). Cutting
the knot once would leave us with one line segment. There is no reason to restrict ourselves to
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one component, so we call any differentiably embedded circles with more than one component
a link. We adopt the convention that when we mean a link with one component, we will
specifically say knot. This is helpful because many invariants of knots are also invariants of
links. For an example of a link, see Figure 1.3. Note that Reidemeister moves apply to links
as well as knots.
Figure 1.3: The Hopf link
Now we present some basic definitions of the anatomy of a link. A crossing is a 4-valent
vertex in a link diagram which has over and under information retained. The arc that is an
unbroken line is an overarc and the two broken arcs are the underarcs. See Figure 1.4.
Over
Under
Under
Figure 1.4: Over and under arcs of a crossing
A link diagram is said to have a nugatory crossing, or removable crossing, if there exists
a circle in the plane of the diagram that intersects the diagram at a single crossing. This
situation is shown in Figure 1.5. This crossing is nugatory because it can be removed
simply by rotating a portion of the link. In the case of Figure 1.5, the F portion was flipped
horizontally from bottom to top. A diagram with no nugatory crossings is said to be reduced.
Definition 1.2.1 A diagram D is alternating if we can travel along the link and pass over
and under alternately. Otherwise, it is called non-alternating. A link K is alternating if
there exists at least one link diagram D of K such that the link diagram D is alternating.
See Figure 1.6 for an alternating and a non-alternating link diagram, respectively. The
4
FJ
J F
Figure 1.5: A nugatory crossing
link corresponding to the link diagram on the right of Figure 1.6 is the same as the link on
the left. We can use a Reidemeister II move on the right-hand link to transform it into the
link on the left.
Figure 1.6: An alternating and a non-alternating diagram
Sometimes it is useful to assign on orientation to link diagrams. Then it makes sense to
talk about positive or negative crossings in a diagram. For this convention, see Figure 1.7.
1.2.2 Virtual Knots
In classical knot theory, we consider projections of links to some plane to define the link
diagrams. For the motivations of virtual knot theory, we encourage the reader to consult
[KVKT]. Virtual knot theory is similar in using diagrams except that there is an extra
type of crossing called a virtual crossing. Thus, there are three types of crossings for an
oriented virtual knot diagram: positive or negative classical crossings and virtual crossings
(see Figure 1.8). Furthermore, a virtual link diagram is alternating if we can travel along
5
Positive Negative
Figure 1.7: Positive and negative crossings
the link passing over and under alternately, just as in the classical case. Note that virtual
crossings are not considered ”over” or ”under”, so we just travel to the next classical crossing.
positive virtualnegative
Figure 1.8: Types of crossings
Two virtual diagrams are equivalent if one can be transformed into the other by a finite
sequence of extended Reidemeister moves (shown in Figure 1.9) combined with orientation
preserving homeomorphisms of the plane to itself, as in the classical case. Moves I, II, and
III are just the classical Reidemeister moves. A variation of the type III move with a single
virtual crossing and two classical crossings is prohibited.
III)
I)
III’)
II’)
I’)
III”)
II)
Figure 1.9: Classical and virtual Reidemeister moves
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1.2.3 Quandles
We present a brief review of quandles and quandle colorings.
Definition 1.2.2 ([JD]) A quandle, X, is a set with a binary operation ∗ : X × X → X
satisfying the following conditions:
(Q1) For any x in X, x ∗ x = x,
(Q2) For any x, y in X, there exists a unique z in X such that x = z ∗ y,
(Q3) For any x, y, z in X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
The condition (Q2) is also equivalent to the following condition:
(Q2’) There is a binary operation ∗−1 : X×X → X such that (x∗y)∗−1y = x = (x∗−1 y)∗y,
for any x, y in X.
The relation of quandles to links is shown in Figure 1.10. Each quandle axiom corresponds
to one of the Reidemeister moves. See [BE, JD, MS] for more detailed aspects of quandles.
The following is a couple of some commonly used examples of quandles.
xx
xx ∗ x
I) II)
z
yx
z
x ∗ y
x y
y ∗ z (x ∗ z) ∗ (y ∗ z) y ∗ z (x ∗ y) ∗ z
x ∗ z
y
y x y x
xx ∗ y
z
III)
Figure 1.10: Relation of quandles to the Reidemeister moves
Example 1.2.3 Let Λ = Z[t, t−1] be a Laurent Polynomial ring over Z, and let J ⊆ Λ be
an ideal of Λ. Then the quotient ring Λ/J with the binary operation defined by x ∗ y =
tx + (1 − t)y for any x, y ∈ Λ/J is a quandle, called an Alexander quandle. The operation
∗−1 is given by x ∗−1 y = t−1x+ (1− t−1)y.
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Example 1.2.4 Let m be a positive integer. For elements i, j ∈ Zm, define i ∗ j = 2j − i
(mod m). Then ∗ defines a quandle called a dihedral quandle Rm of order m. Also note that
the dihedral quandle Rm is isomorphic to Λ/(m, t+ 1). Furthermore, ∗
−1 is the same as ∗.
Occassionally, we will need another type of quandle which does not depend upon the
orientations of the knot itself.
Definition 1.2.5 [TM] An involutory quandle, X, is a quandle such that (x ∗ y) ∗ y = x for
all x and y ∈ X.
The notion of involutory quandles first appeared as early as 1942 ([TM]). Also, notice
that the dihedral quandle is an involutory quandle, but that, in general, the Alexander
quandle is not.
1.2.4 Colorings of Knots
Let X be a quandle, D be an oriented virtual knot diagram, and A be the set of (over)-arcs.
The normal vectors are given in such a way that the ordered pair (tangent, normal) agrees
with the orientation of the standard orientation of the xy-plane. See Figure 1.11.
Definition 1.2.6 ([FR]) A coloring C is a map C : A −→ X such that at every classical
crossing, the relation C(α) ∗ C(β) = C(γ) holds, where the normal to the overarc β points
from the arc α to the arc γ (see Figure 1.11). At every virtual crossing, the coloring C(α) = a
holds for one arc α, and C(β) = b holds for the other arc β. The image C(α) is called a color
of the arc α. The colors in the ordered pair 〈a, b〉 are called the source colors.
C(β) = bC(α) = a
C(γ) = c = a ∗ b
C(β) = bC(α) = a
C(β) = b C(α) = a
Figure 1.11: Coloring relations
Let ColX(D) denote the set of colorings of a knot diagram D of a knot K by a quandle
X. Then there is a one-to-one correspondence between the sets of colorings of two diagrams
of the same knot. In particular, the number of elements |ColX(D)| of ColX(D) for a finite
quandle X is a knot invariant. Any knot diagram D has at least one coloring for a given
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quandle X, the trivial coloring obtained by letting every arc have the same color. Also, if a
knot diagram D can be non-trivially colored by the dihedral quandle Rn, then K is said to
be n-colorable.
Example 1.2.7 Let X be the dihedral quandle R3, and let K be the trefoil as shown in
Figure 1.12. Now, let the source colors be given by 〈0, 1〉 at the top of the twist in the knot.
Then the trefoil is colored by R3. Notice that this is just one possible coloring of the trefoil
from the set ColX(D).
0 1 = 2(0) - 2 (mod 3)
0
1 2 = 2(1) - 0 (mod 3)
2 0 = 2(2) - 1 (mod 3)
1
Figure 1.12: A trefoil colored by R3
The example above is also called a Fox 3-coloring of the trefoil. In general, a Fox n-
coloring is a coloring by the dihedral quandle Rn.
1.2.5 The Fundamental Quandle
Definition 1.2.8 ([SJ]) Let {x1, x2, . . . , xk} be variables assigned to arcs of a virtual knot
diagram K, let xl = xi ∗xj = 2xj−xi, where xj is the variable assigned to the overarc and xi
is the variable assigned to one of the underarcs. Then xl is assigned to the other underarc.
Now let A be the matrix of relations associated with the set of these equations such that the
equations correspond to the rows in the matrix, and the ith variable corresponds to the ith
column of the matrix. If Mij(K) is the (i, j)-minor of A, then the determinant of the knot
K is defined by
Det(K) = gcd({|Det(Mij(K))| : 1 ≤ i ≤ j ≤ k}). (1.2.1)
The natural question now is what would be a suitable n to color any given diagram with
a dihedral quandle Rn? The most natural choice is the determinant of the knot Det(K).
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Theorem 1.2.9 [F] Let K be a classical knot. For a prime p, K is p-colorable if p|Det(K).
Example 1.2.10 Let K be the trefoil shown in Figure 1.13. Then the matrix A is given by


−1 2 −1
−1 −1 2
2 −1 −1

 ,
where the rows correspond to the relations and the columns correspond to the variables.
The determinant of each minor is ±3, so the determinant of K will be 3. Thus, this knot
can be colored non-trivially using the dihedral quandle R3. Note that in the classical case,
any minor of A will have the same determinant so the gcd of all the minors is equivalent to
finding one of the minors. See the figure.
x3 = x1 ∗ x2 = 2x2 − x1
x1 = x2 ∗ x3 = 2x3 − x2
x2 = x3 ∗ x1 = 2x1 − x3
x2x1
Figure 1.13: Trefoil and its relations
Remark 1.2.11 Consider the figure-eight knot diagram shown below in Figure 1.14. The
determinant of this knot is 5, but it has only 4 arcs. This implies that the knot is colored
by R5, but not all elements of R5 are used for colors.
Definition 1.2.12 [JD, KVKT, MS] Let {x1, x2, . . . , xk} be variables assigned to arcs of a
virtual knot diagram K, let xl = xi ∗xj be assigned at each crossing, where xj is the variable
assigned to the overarc and xi is the variable assigned to one of the underarcs from which
the orientation of the normal vector of the over-arc points. Then xl is assigned to the other
underarc. The quandle Q(K) determined by the set of generators {x1, x2, . . . , xk} and the
set of relations {xl = xi ∗ xj} over all crossings is called the fundamental quandle of K. In
10
Figure 1.14: Figure 8 knot
addition, when the relations (x ∗ y) ∗ y = x are imposed for all elements of Q(K), then the
quandle thus determined is called the fundamental involutory quandle.
A quandle defined by the set of generators {x1, x2, . . . , xk} and relations {r1, r2, . . . , rm} as
above is denoted by 〈x1, x2, . . . , xk | r1, r2, . . . , rm〉, and this notation is called a presentation
of the quandle. The fundamental involutory quandle is denoted by IQ(K).
1.2.6 Kauffman-Harary Conjecture
In this paper we consider the following conjecture by Kauffman and Harary ([KH]).
Conjecture 1.2.13 (Kauffman-Harary Conjecture 1) Let D be a reduced alternating
knot diagram with a prime determinant p. Then every nontrivial Fox’s p-coloring of D
assigns different colors to different arcs of D.
Instead of restricting the conjecture to only classical knots, we consider the virtualization
of the Kauffman-Harary Conjecture.
Conjecture 1.2.14 (Kauffman-Harary Conjecture 2) Let D be a reduced alternating
virtual knot diagram with a prime determinant p. Then every nontrivial Fox’s p-coloring of
D assigns different colors to different arcs of D.
Kauffman and Harary first proved Conjecture 1.2.13 for the family of rational (or 2-
bridge) classical knots in [KL], and [PL]. Asaeda, et al., [AM], proved the conjecture to
be true for Montesinos links (which include pretzel knots). Our aim is to prove Kauffman-
Harary Conjecture 2 to be true for certain families of virtual knots.
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1.2.7 Bracket Polynomial and the Jones Polynomial
The following material is standard, see [KKP, CP] for more information. Even though the
letter A was used earlier for a matrix, we now follow the standard notation and use A as a
variable in this section. Let D be an unoriented diagram of a knotK. The bracket polynomial
〈D〉 of D is a Laurent polynomial of a variable A defined by the following axioms:
1. 〈D+〉 = A〈D0〉+ A
−1〈D∞〉,
2. 〈©D〉 = d〈D〉,
3. 〈©〉 = d,
where d = −A2 − A−2 and D+, D0, and D∞ are identical outside of a small ball neighbor-
hood, inside which they look like as depicted in Figure 1.15. The axioms give a recursive
computation of 〈D〉. By repeated application of axiom 1, a diagram becomes a set of dia-
grams with no crossings. The value of each of these other diagrams is calculated by using
axioms 2 and 3.
D+ D0 D∞
Figure 1.15: Bracket crossing computations
Theorem 1.2.15 [KJ] The bracket polynomial 〈D〉 is invariant under Reidemeister II and
III moves.
In order for the bracket polynomial to be invariant under the Reidemeister I move, we
need the writhe of a knot ([KKP], for example). The writhe w(D) of a knot is the number
of positive crossings minus the number of negative crossings.
Definition 1.2.16 LetD be an oriented diagram, and let |D| denote the diagramD without
orientation. Then the normalized bracket polynomial is given by
V˜D(A) = (−A
−3)w(D)〈|D|〉(A).
This polynomial is invariant under all the Reidemeister moves.
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Theorem 1.2.17 [KJ] The normalized bracket polynomial is equivalent to the Jones poly-
nomial under a change of variable:
VL(A
−4) = V˜L(A),
where VL(t) is the Jones polynomial.
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2 Swap Moves and Some Families of Virtual Knot Diagrams
2.1 The k-Swap Moves
In this section, we define k-swap moves and investigate their properties.
2.1.1 Definition of k-Swap Moves
LetA(Ki) be the set of arcs of the virtual knot diagramsKi, for i = 1, 2, and let Ci ∈ Coln(Ki)
such that Ci : A(Ki)→ Rn, where n is a positive integer.
Definition 2.1.1 Let K1 be a twist with k positive crossings and one virtual crossing at
the bottom as depicted in the left of Figure 2.1. Then a k-swap move is a move which
changes K1 into the twist K2 such that K2 has a virtual crossing at the top followed by k
negative crossings as in the right of Figure 2.1. In Figure 2.1, K1 has positive crossings, by
convention. The change from K2 to K1, conversely, is also called a k-swap move. Note that
if the two arcs have parallel orientation, then the crossings of K1 are positive, but if the arcs
have anti-parallel orientation, then the crossings are negative. Thus our convention for the
positive or negative sign of a twist with a virtual crossing is the same as the sign when the
arcs have parallel orientation.
2.1.2 Colorings and the Determinant under k-Swap Moves
Definition 2.1.2 Let D2 be a diagram obtained from D1 by applying a k-swap move once.
Then define a map
Sp : A(D1)→ A(D2)
as follows. If α ∈ A(D1) is not contained in the twist where the k-swap move is performed,
then define Sp(α) = α ∈ A(D2). If α ∈ A(D1) is contained in the twist, then α is one of the
arcs αi or βj in the twist such that 0 ≤ i, j ≤ l, where l = k/2 if k is even, and l = (k− 1)/2
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K2K1
k
k
Figure 2.1: A k-swap move
if k is odd, as depicted in the left of Figure 2.2. The arcs after the move are labeled as in
the right of Figure 2.2. Then define Sp(αi) = α
′
i and Sp(βj) = β
′
j for all i and j.
βl
αl
β1
α1
β0 α1
β1
α2
βl
αl
β0α0
βl
αl+1
α′l+1
β′l
For odd k:
βl
αl+1
α′l
β′l
β′0
α′0
β′0
α′1
β′1
β′l−1
α′l
α′l
α′2
β′1
α′1
β′0
α′0
β′l
Figure 2.2: Arcs under a k-swap
Lemma 2.1.3 The function
Sp : A(D1)→ A(D2)
is a bijection.
Proof. This follows from the definition.
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Theorem 2.1.4 Again, let D2 be the diagram obtained from D1 by applying a k-swap move
once. Let
Sp : A(D1)→ A(D2)
be the bijection defined in Definition 2.1.2. Let C1 ∈ Coln(D1). Then the map defined by
C2 = C1 ◦ Sp
−1 is an n-coloring of D2: C2 ∈ Coln(D2).
3b− 2a
C(β0) = b
2b− ab
2b− a
C(α0) = a
kb− (k − 1)a (k + 1)b− ka
kb− (k − 1)a(k + 1)b− ka
C(α0) = a
b
2b− a
kb− (k − 1)a
(k + 1)b− ka
a
C(β0) = b
b
kk
kb− (k − 1)a
kb− (k − 1)a
Figure 2.3: Dihedral coloring proof
Proof. Let D1 be the twist such that D1 has k positive crossings with a virtual crossing
at the bottom. Now let 〈a, b〉 be the vector of source colors at the top of the twist, where
a = C1(α0) and b = C1(β0). Then, using the equation x ∗ y = 2y − x, we end up with
〈(k + 1)b− ka, kb− (k − 1)a〉
at the bottom of D1 (see the left of Figure 2.3). Similarly, D2 is the twist with a virtual
crossing at the top followed by k negative crossings. If 〈a, b〉 is the vector of source colors at
the top of the twist, then
〈(k + 1)b− ka, kb− (k − 1)a〉
is again found at the bottom (see the right of Figure 2.3).
Thus, C1(αi) = C1(Sp
−1(α′i)) = C2(α
′
i), for some αi ∈ A(D1).
Corollary 2.1.5 Under the assumptions of Theorem 2.1.4, we have the equality
C1(A(D1)) = C2(A(D2)).
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Proof. Let m ∈ C1(A(D1)) ⊆ Rn. Then there is an arc γ ∈ A(D1) such that C1(γ) = m.
Then C2(Sp(γ)) = C1(Sp
−1(Sp(γ))) = m. Hence, m ∈ C2(A(D2)).
Corollary 2.1.6 Again using the assumptions of Theorem 2.1.4, we see that
Det(D1) = Det(D2).
Proof. From Theorem 2.1.4, we know that the arcs do not change so the matrix defined in
the definition of determinant does not change.
Corollary 2.1.7 If the assumptions of Theorem 2.1.4 are true, then |Colp(D1)| = |Colp(D2)|.
Proof. Using Corollary 2.1.5, each coloring of D1 has a corresponding coloring of D2, and
C1(A(D1)) = C2(A(D2)). The result follows.
Corollary 2.1.8 If D2 is the diagram obtained from D1 by applying a k-swap move once,
and if D1 is alternating, then D2 is alternating as well.
Proof. Again using Theorem 2.1.4, the arcs do not change between D1 and D2 so the result
follows.
2.1.3 Quandles and the Jones Polynomial under k-Swap Moves
Next we investigate the fundamental involutory quandle and the Jones polynomial.
Theorem 2.1.9 Let X be the fundamental involutory quandle of a virtual knot K1 with
a diagram D1. If D2 is obtained from D1 by a k-swap move, then X is the fundamental
involutory quandle of the virtual knot K2, where D2 is a diagram of K2.
Proof. This follows from Definition 2.1.1 and Figure 2.4. Also, the k = 1 case was proved
in [KVKT] by Kauffman.
Theorem 2.1.10 For two virtual knots K1 and K2, if K2 is obtained from K1 by a k-swap
move, then their Jones polynomial coincide: VK1(t) = VK2(t).
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x1
x2
x3 xk+1
xkx1 x2
x2 xk+2
xk+1
xk+1
xk+2
x′1
x′2
x′k x
′
k+1
x′k+2x
′
3
x′2
x′k+1
Figure 2.4: A k-swap on the fundamental involutory quandle
Proof. Given a twist T in a classical knot K, use the virtual Reidemeister II’ move to make
a knot K ′. This knot K ′ is still an unreduced classical knot, so perform a k-swap to obtain
a virtual knot K ′′. By Lemma 2.1.11, this knot K ′′ has the same Jones polynomial as K.
This follows from the next lemma.
Lemma 2.1.11 Let 〈D1〉 be the bracket polynomial of a virtual knot diagram D1. If D2 is
obtained from D1 by a k-swap move, then 〈D〉 = 〈D
′〉.
x1
x2
x3 xk+1
xkx1 x2
x2 xk+2
xk+1
xk+1
xk+2
x′1
x′2
x′k x
′
k+1
x′k+2x
′
3
x′2
x′k+1
Figure 2.5: A k-swap’s effect on the bracket polynomial
Proof. Use Definition 2.1.1 and look at Figure 2.5. More specifically, apply the axiom in
Fig. 1.15 at a crossing in between virtual crossings in the top of Fig. 2.5 and a crossing
of the bottom of the figure, then after Reidemeister moves, we obtain the same invariant
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values. Also, note that Kauffman proved the k = 1 case in [KVKT], and this proof is a
direct analogue.
The following sections will give many examples of the above statements, so we will not
delve into any examples here.
2.2 Some Families of Alternating Virtual Knot Diagrams
2.2.1 Closed 2-String Virtual Braid Diagrams
In order to show what the colorings of closed 2-string virtual braids are, we need some
background.
Definition 2.2.1 For a postive integer n, let ki ∈ Z for i = 1, ..., n. A virtual twist
[x1, k1, k2, ..., kn, x2] is a sequence of classical twists and virtual crossings such that the fol-
lowing holds true. First, each ki corresponds to a classical twist with |ki| classical crossings,
positive crossings if ki > 0 and negative if ki < 0. Between the i-th and (i+ 1)-th twists is
a virtual crossing for i = 1, 2, ..., n, and each xℓ, where ℓ = 1, 2, represents either a virtual
crossing (denoted by xℓ = v) or no virtual crossing (denoted by xℓ = ∅). An alternating
virtual twist [x1, k1, k2, ..., kn, x2], where xℓ is either v or ∅, is a virtual twist such that ki > 0
for odd i and kj < 0 for even j, or ki < 0 for odd i and kj > 0 for even j. We also write
[k1, k2, ..., kn, xℓ] for [∅, k1, k2, ..., kn, xℓ]. For examples of this, see Figure 2.6.
The above definition agrees with our intuition and use of the word alternating because
either strand in an alternating virtual twist is seen to alternate in overarcs and underarcs.
Definition 2.2.2 If [k1, k2, ..., kn, x1] is a virtual twist, then the closed 2-string virtual braid
diagram is denoted by T (2, [k1, k2, ..., kn, x1]). Also, T (2, [k1]) is the classical (2, k1)-torus
knot ([CP]), also denoted by T (2, k1).
Figure 2.6: Examples of virtual twists: the top is [v, 3,−2, v] and the bottom is [2,−3, 1]
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Note that if D = T (2, [k1, k2, ..., kn]), then there are n− 1 virtual crossings in D. Also, if
D = T (2, [k1, k2, ..., kn, v]), then there are n virtual crossings in D.
The proof of the following lemma are straightforward from the definition, so they are
omitted.
Lemma 2.2.3 The virtual knot diagram T (2, [k1, k2, ..., kn]) is alternating iff n is odd and
ki is positive for odd i and negative for even i, or positive for even i and negative for odd i.
Similarly, the virtual knot diagram T (2, [k1, k2, ..., kn, v]) is alternating iff n is even and the
same condition is satisfied. In Figure 2.6, the torus knot closure of the top virtual twist is
not alternating but the bottom one is.
Note that Lemma 2.2.3 implies that if D = T (2, [k1, k2, ..., kn, x]) is alternating then it
has an even number of virtual crossings, where x is either v or ∅. Here x = ∅ means that
D = T (2, [k1, ..., kn]).
Lemma 2.2.4 (Reducing Lemma) If T = [x1, k1, k2, ..., kn, x2] is an alternating virtual
twist, where xℓ is either v or ∅, then the virtual twist becomes
T ′ =
[
x(T ), χ(T )ǫ(x2)
n∑
i=1
(−1)iki
]
,
where
x(T ) =


v if χ(T )ǫ(x1)ǫ(x2) = −1
∅ if χ(T )ǫ(x1)ǫ(x2) = 1
,
χ(T ) =


1 if n is odd
−1 if n is even
,
ǫ(xi) =


1 if xi = v
−1 if xi = ∅
,
after a sequence of k-swap moves and Reidemeister II′ moves.
Proof. Suppose T = [x1, k1, k2, ..., kn, x2] is an alternating virtual twist. We prove the
lemma by induction on n.
For n = 1, we have T = [ x1, k1, x2 ]. First, we prove the case where T = [ v, k1, v ].
We perform a k1-swap and we obtain [ v, v, k1 ]. Since two virtual crossings are adjacent, we
can perform a Reidemeister type II′ move to get T ′ = [ −k1 ]. Using the formula given in
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the statement of the lemma, we notice that χ(T ) = 1, since n = 1. Also, ǫ(xi) = 1 for both
i = 1, 2. See Figure 2.7. Thus, by the formula, T ′ = [ ∅, (1)(1)(1)((−1)1k1) ] = [ −k1 ]. The
other cases are similar and we obtain
[ ∅, k1, ∅ ] = [ k1 ],
[ ∅, k1, v ] = [ v,−k1 ],
[ v, k1, ∅ ] = [ v, k1 ].
−k1
−k1
k1
Figure 2.7: The case n = 1 of the Reducing Lemma
For the next part of the induction, there are 8 cases total, but two sets of four can be
checked in a similar manner. For the first part, we prove the cases where x2 = ∅. Thus, the
cases we check first are:
n is even, x1 = v, x2 = ∅ : [ v, k1, ..., kn−2, kn−1, kn, ∅ ],
n is even, x1 = ∅, x2 = ∅ : [ ∅, k1, ..., kn−2, kn−1, kn, ∅ ],
n is odd, x1 = v, x2 = ∅ : [ v, k1, ..., kn−2, kn−1, kn, ∅ ],
n is odd, x1 = ∅, x2 = ∅ : [ ∅, k1, ..., kn−2, kn−1, kn, ∅ ].
For an illustration of these cases, see Figure 2.8.
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Figure 2.8: The case when n is odd, x1 = v and x2 = ∅.
So, assume the result holds for n− 2 classical twists. We use the notation
T = [ v, k1, ..., kn−2, ∅ ]
ks
−→
[
x(T ), χ(T )(−1)
n−2∑
i=1
(−1)iki
]
,
to express the condition that T is changed to
[
x(T ), χ(T )(−1)
∑n−2
i=1 (−1)
iki
]
by a k-swap
move. Starting with an alternating virtual twist
S = [ v, k1, ..., kn−2, kn−1, kn, ∅ ],
we perform a (kn−1)-swap and a Reidemeister II
′ move to yield
S ′ = [ v, k1, ..., kn−2 − kn−1 + kn ].
If n is even, then S ′ still has an even number of classical twists (similarily if n is odd). This
means that χ(S) = χ(S ′). Because S is alternating, S ′ is as well, and −kn−1 is the same
parity as kn−2 and kn. Now let km = kn−2 − kn−1 + kn. Notice that the km twist is actually
the (n− 2)-th twist. This means that
S ′ =
[
x(T ), χ(S)(−1)
m∑
i=1
(−1)iki
]
,
by the induction hypothesis.
Now for the other four cases:
n is even, x1 = v, x2 = v : [ v, k1, ..., kn−2, kn−1, kn, v ],
n is even, x1 = ∅, x2 = v : [ ∅, k1, ..., kn−2, kn−1, kn, v ],
n is odd, x1 = v, x2 = v : [ v, k1, ..., kn−2, kn−1, kn, v ],
n is odd, x1 = ∅, x2 = v : [ ∅, k1, ..., kn−2, kn−1, kn, v ].
For an illustration of these cases, see Figure 2.9.
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Figure 2.9: The case when n is even and xi = v.
We start with
T = [ x(T ), k1, ..., kn−2, kn−1, kn, v ],
and we perform a kn-swap and a Reidemeister type II
′ move to obtain
T ′ = [ x(T ), k1, ..., kn−2, kn−1 − kn ].
Using the previous result from the induction step,
T ′
ks
−→ T ′′ =
[
x(T ), χ(T ′)(−1)
n∑
i=1
(−1)iki
]
=
[
x(T ), χ(T )
n∑
i=1
(−1)iki
]
,
because χ(T ′) = (−1)χ(T ). This is true because if T has an odd number of classical twists,
then T ′ has an even number of classical twists. This is what we would have obtained if we
used [
x(T ), χ(T )ǫ(x2)
n∑
i=1
(−1)iki
]
on the original T , where ǫ(x2) = 1. Hence, the result follows.
Lemma 2.2.5 If D = T (2, [k1, k2, ..., kn, x2]) is alternating, then one of the following holds:
a) n is even and x2 = v,
b) n is odd and x2 = ∅.
Proof. Since D is alternating, the twist [k1, k2, ..., kn, x2] must be alternating too, and its
strands must connect in such a way that D is still alternating. See Figure 2.10. Now since
D is a torus knot, x1 = ∅ because if x1 = v, it can be moved to the bottom of the torus
knot. By Lemma 2.2.5, D is alternating if it has an even number of virtual crossings. So if
n is even, then there are n − 1 virtual crossings between each classical twist so x2 = v. A
similar argument holds for odd n.
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K1 K2
Figure 2.10: The two cases from Lemma 2.2.5: D1 has even n and x2 = v, while D2 has odd n and
x2 = ∅.
Theorem 2.2.6 Let T (2, [k1, k2, ..., kn, x2]) be alternating, p be prime, T be the virtual twist
in K, and x2 be either v or ∅ (according to whether n is even or odd, respectively). Then
Colp(T (2, [k1, k2, ..., kn, x2])) = Colp
(
T
(
2,
[
χ(T )ǫ(x2)
n∑
i=1
(−1)iki
])
,
where χ(T ) and ǫ(x2) are as in the Reducing Lemma.
Proof. Let T be the virtual twist in D. Applying the formula from the Reducing Lemma
D′ =
[
x(T ), χ(T )ǫ(x2)
n∑
i=1
(−1)iki
]
toD, we see that x1 = ∅ ⇒ ǫ(x1) = −1. It suffices to check what x(T ) is. Using Lemma 2.2.5,
we have two cases to check. If n is even, then χ(T ) = −1 and x2 = v ⇒ ǫ(x2) = 1. Thus,
x(T ) = ∅ because χ(T )ǫ(x1)ǫ(x2) = 1. Now if n is odd, then χ(T ) = 1 and x2 = ∅ ⇒
ǫ(x2) = −1. Thus, x(T ) = ∅ because χ(T )ǫ(x1)ǫ(x2) = 1. So by Corollary 2.1.7, the result is
obtained.
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Theorem 2.2.7 The determinant of an alternating knot D = T (2, [k1, k2, ..., kn, x2]), where
x2 is either v or ∅, is given by
Det(D) =
∣∣∣∣
n∑
i=1
(−1)iki
∣∣∣∣.
Proof. Using the Reducing Lemma and Theorem 2.2.6, we obtain the knot
D
ks
−→ D1 = T
(
2,
[
χ(T )ǫ(x2)
n∑
i=1
(−1)iki
])
.
By Corollary 2.1.6, we know that Det(D) = Det(D1). Hence, using the fact that Det(T (2, n)) =
n (see [CP], for example), we see that
Det(T (2, [k1, ..., kn, x2])) =
∣∣∣∣
n∑
i=1
(−1)iki
∣∣∣∣,
where x2 is either v or ∅.
Figure 2.11: The 2-string virtual braid diagram D = T (2, [v, 2,−1, 2, v])
Example 2.2.8 Consider the 2-string virtual braid diagram D = T (2, [v, 2,−1, 2, v]). By
inspection of Figure 2.11 and Lemma 2.2.5, D is alternating. So, performing two 2-swap
moves on D and then using a Reidemeister II′ move gives us D′ = T (2, [−5]). Using the
Reducing Lemma gives us the same D′. We start with n being odd, x1 = v, x2 = v, so then
ǫ(x1) = 1, ǫ(x2) = 1, χ(T ) = 1, x(T ) = ∅,
where T = [v, 2,−1, 2, v]. By the Reducing Lemma, we get
D′ = T
(
2,
[
∅, (1)(1)
3∑
i=1
(−1)iki
])
= T (2, [(−2− 1− 2)]) = T (2, [−5]).
This shows that the Reducing Lemma agrees with the figure. By Theorem 2.2.6, we know
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that
Colp(D) = Colp(D
′) = Colp(T (2, [−5])).
Furthermore, using Theorem 2.2.7, we also know that
Det(D) = Det(D′) = 5.
2.2.2 Virtual Pretzel Knot Diagrams
Definition 2.2.9 A virtual pretzel knot diagram is denoted by
P (T1, T2, ..., Tn),
where a given twist Ti = [xi,1, ki,1, ki,2, ..., ki,j, xi,2] is inserted into the i-th box in Figure 2.12,
where n ≥ 3. See Figure 2.13 for an example.
1 2 i n
Figure 2.12: The general setup of a pretzel knot.
Remark 2.2.10 If n = 1 or n = 2, we have a T (2, T ) torus knot diagram, where T is some
twist.
Definition 2.2.11 A virtual twist T is even if it has an even number of virtual crossings
or no virtual crossings, and it is odd if it has an odd number of virtual crossings.
Lemma 2.2.12 If D = P (T1, T2, ..., Tn) is an alternating pretzel link diagram such that
Tr = [xr,1, kr,1, kr,2, ..., kr,m, xr,2], where r = 1, . . . , n, then one of the following properties will
hold:
a) Tr = [xr,1, kr,1, kr,2, ..., kr,m, xr,2] for all r = 1, 2, ..., n is an alternating even virtual twist
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Figure 2.13: The alternating virtual pretzel knot P ([v, 1,−1, v], [−1, 3], [v, 1,−1, v]).
in D (see Figure 2.12), or
b) Tr is an alternating odd virtual twist in D for all r = 1, 2, ..., n (see Figure 2.12).
Conversely, for any sequence (m1, m2, ..., mn) of all even or all odd non-negative integers,
there is an alternating diagram P (T1, T2, ..., Tn) such that the number of virtual crossings of
(T1, T2, ..., Tn) are (m1, m2, ..., mn).
Proof. Assume Tr is an even alternating twist in D, Tr+1 is the twist to the right of Tr and
connected to Tr. By the Reducing Lemma, let T
′
r and T
′
r+1 be obtained from Tr and Tr+1,
respectively. Since Tr is even, T
′
r is a classical twist, so that if Tr+1 is even, then T
′
r+1 is
classical as well. Now we show that Tr+1 cannot be odd. If it was, then T
′
r+1 would have
one virtual crossing at the top. Without loss of generality, assume that T ′r has all positive
classical crossings. Then the upper right strand of T ′r is an overarc and it forces T
′
r+1 to
have all negative classical crossings in order to be alternating. But looking at the bottom
crossings of T ′r and T
′
r+1, we find a contradiction. Indeed, the bottom strand between T
′
r
and T ′r+1 will force T
′
r+1 to have all positive classical crossings. The situtation is depicted in
Figure 2.14. Conversely, if all virtual twists Tr are even, then there is an alternating diagram
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by Corollary 2.1.8.
Figure 2.14: One non-alternating pretzel knot diagram construction, and the two alternating pretzel
knot diagrams
Now assume Tr is an odd alternating twist in D. We claim that Tr+1 is odd as well. We
know that Tr+1 cannot be even by the previous argument. It needs to be shown that there
are alternating diagrams if all of Tr are odd. By the Reducing Lemma, T
′
r can have one
virtual crossing at the top. Without loss of generality, assume that T ′r ’s classical crossings
are all positive. Then the top right strand connects to the top left strand of T ′r+1, where
T ′r+1 is obtained from Tr+1 by the Reducing Lemma. Then that strand must be an overarc,
so the classical crossings in T ′r+1 are all positive as well. Now, the bottom right strand of T
′
r
is an underarc and in T ′r+1, it is an overarc, as expected. See Figure 2.14.
Theorem 2.2.13 If D = P (T1, T2, ..., Tn) is an alternating virtual pretzel knot diagram,
where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating even virtual twist for ℓ = 1, 2, ..., n,
p is prime, and xi,j is either v or ∅, then
Colp(D) = Colp(P ([a1], [a2], ..., [an])),
where [aℓ] =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
, for ℓ = 1, 2, ..., n, and where χ and ǫ are defined
as in the Reducing Lemma.
Proof. By Lemma 2.2.12, we know that each twist Tℓ from D has either an even number of
virtual crossings, or no virtual crossings. In either case, we use the Reducing Lemma to see
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that
Tℓ
ks
−→
[
χ(Tℓ)ǫ(xℓ,2)
n∑
i=1
(−1)ikℓ,i
]
.
Letting [aℓ] =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
gives us the desired result by Corollary 2.1.5.
Corollary 2.2.14 The determinant of an alternating pretzel knot diagram D =
P (T1, T2, ..., Tn), where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating even virtual twist
for ℓ = 1, 2, ..., n, and xi,j is either v or ∅, is given by
Det(D) =
n∑
j=1
a1a2 · · ·aj−1aj+1 · · ·an,
where aℓ =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
, for ℓ = 1, 2, ..., n.
Proof. From the previous theorem,
D
ks
−→ P ([a1], [a2], ..., [an]),
where aℓ =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
, for ℓ = 1, 2, ..., n. By Conway’s formula [CJ], any
pretzel knot has the determinant given in the statement of the theorem, therefore D does as
well.
Example 2.2.15 For this example, we shall investigate the virtual even pretzel knot dia-
gram D = P ([v, 2,−2], [v, 1,−3], [−6]). By inspection of Figure 2.15 and Lemma 2.2.12, the
diagram D is alternating. Using a 2-swap and a 1-swap on D, then using two Reidemeister
II′ moves, we get
D′ = P ([−4], [−4], [−6]).
Our goal is to show that the Reducing Lemma gives the same result for D = P (T1, T2, T3),
where T1 = [v, 2,−2], T2 = [v, 1,−3], and T3 = [−6]. We calculate only T1 and leave T2 to
the reader. For T1 = [v, 2,−2], we have the following data: n is even, x1 = v, and x2 = ∅.
Then we obtain
ǫ(x1) = 1, ǫ(x2) = −1, χ(T1) = −1, x(T1) = ∅.
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Figure 2.15: The virtual even pretzel knot diagram D = P ([v, 2,−2], [v, 1,−3], [−6])
Thus,
T ′1 =
[
∅, (−1)(−1)(−2− 2)
]
= [−4].
Also, T2 = [−4] by a similar calculation. Thus,
D1
ks
−→ D′1 = P ([−4], [−4], [−6]),
which was exactly what was obtained by analyzing the diagram. So, by Theorem 2.2.13,
Colp(D) = Colp(D
′) = Colp(P ([−4], [−4], [−6])).
A quick application of Corllary 2.2.14 shows that
Det(D) = Det(D′) = (−4)(−6) + (−4)(−6) + (−4)(−4) = 64.
Example 2.2.16 For the next example, we consider the odd virtual pretzel knot diagram
D = P (T1, T2, T3), where T1 = [v, 5], T2 = [v, 1,−1, 1], and T3 = [v, 5]. Notice that by
inspection of Figure 2.16 and Lemma 2.2.12, the diagram D is alternating. Performing a
(−1)-swap in the middle of T2 and then using a Reidemeister II
′ move, we get
D′ = P ([v, 4], [v, 3], [v, 4]).
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Figure 2.16: The odd virtual pretzel knot diagram D = P ([v, 5], [v, 1,−1, 1], [v, 5])
Now we show the same result using the formula given in the Reducing Lemma. Since T1 and
T3 are already reduced, we only need to look at T2 = [v, 1,−1, 1]. The data we have then is
n is odd, x1 = v, and x2 = ∅. Thus,
ǫ(x1) = 1, ǫ(x2) = −1, χ(T2) = 1, x(T2) = v,
so finally we have
T2
ks
−→ T ′2 = [v, (1)(−1)(−1− 1− 1)] = [v, 3],
which is what we obtained before. Now, we come upon a situation that we cannot handle
as of yet and needs more research: what is Colp(P ([v, 4], [v, 3], [v, 4]))? In general, what is
Colp(E), where E is any odd virtual alternating pretzel diagram? Similarly, what is the
determinant of these knots? Obviously, these areas need more research.
2.2.3 Virtual 2-Bridge Knot Diagrams
For our final family of alternating virtual knot diagrams, we turn our attention to virtualized
2-bridge knot diagrams.
Definition 2.2.17 A virtual 2-bridge link diagram is denoted by
B(T1, T2, ..., Tn),
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Figure 2.17: The general 2-bridge virtual knot diagram
where a given twist Ti = [xi,1, ki,1, ki,2, ..., ki,j, xi,2] is inserted into the i-th box in Figure 2.17.
See Figure 2.18 for an example. In the case there are no virtual crossings in any Ti, then the
classical 2-bridge knot will still be denoted by B(T1, T2, ..., Tn), regardless of the conventional
notations.
k1,1 k1,2
k2,1
k3,1
Figure 2.18: The 2-bridge virtual knot diagram B([v,−2,−2, v], [v,−1, v], [−1, v])
Lemma 2.2.18 If a virtual 2-bridge diagram D is alternating, then all virtual twists in D
are even and alternating. Conversely, for any sequence (m1, m2, ..., mn) of all even non-
negative integers, there is an alternating diagram B(T1, T2, ..., Tn) such that the number of
virtual crossings of (T1, T2, ..., Tn) are (m1, m2, ..., mn).
Proof. Assume D = B(T1, T2, ..., Tn) is alternating. Using the Reducing Lemma, we reduce
all twists Tr to T
′
r so that, for each twist T
′
r , there is either one virtual crossing or no virtual
crossings. Note that we can place the lone virtual crossing anywhere in a given twist that we
choose by using a k-swap move. We claim that there are only even alternating twists in D.
This would mean that after reducing, there would be no virtual crossings in any twists. There
are three cases to check for the middle twists, as depicted in Figure 2.19. Furthermore, there
are two cases each for the case when r = n and for the case when r = 1, as in Figure 2.20.
Note that Figure 2.20 is a refinement of Figure 2.17.
For the first case, assume that T ′r+1 and T
′
r−1 are both classical twists and T
′
r is positive
with one virtual crossing to the right of its classical crossings. Then the strand between T ′r
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Figure 2.19: The three cases to check
and T ′r+1 forces T
′
r+1 to be a positive twist. The strand between T
′
r and T
′
r−1 makes T
′
r−1 a
negative twist, so the strand between T ′r−1 and T
′
r+1 is non-alternating. See Figure 2.19, part
a. The other two cases are similar and are depicted in Figure 2.19, parts b and c.
The case where r = n is similar to the middle cases. We examine the subcase of Tn−1
being classical, and Tn being positive. Since Tn is positive, the strand between Tn−1 and Tn
forces Tn−1 to be a negative twist. However, the other strand between them would force Tn−1
to be a positive twist. Thus, this setup is non-alternating and the other cases are similar.
See Figure 2.20. Hence, the first part of the proof is done.
The converse relies on the fact that we can have an alternating classical 2-bridge knot
diagram, add pairs of virtual crossings to any twist, and apply the Reducing Lemma in
reverse to get an alternating virtual 2-bridge knot diagram. This is possible because of
Corollary 2.1.8.
Theorem 2.2.19 If D = B(T1, T2, ..., Tn) is an alternating virtual 2-bridge link diagram,
where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating even virtual twist for ℓ = 1, 2, ..., n,
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r = n
Figure 2.20: The cases when r = n
p is prime, and xi,j is either v or ∅, then
Colp(D) = Colp(B([a1], [a2], ..., [an])),
where [aℓ] =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
, for ℓ = 1, 2, ..., n, and where χ and ǫ are defined
as in the Reducing Lemma.
Proof. By Lemma 2.2.18, we know that each twist Tℓ from D has an even number of virtual
crossings. Thus, a quick application of the Reducing Lemma shows that
Tℓ
ks
−→
[
χ(Tℓ)ǫ(xℓ,2)
n∑
i=1
(−1)ikℓ,i
]
.
Letting [aℓ] =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
gives us the desired result.
Theorem 2.2.20 The determinant of an alternating 2-bridge link diagramD = B(T1, T2, ..., Tn),
where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating even twist for ℓ = 1, 2, ..., n, and xi,j
is either v or ∅, is given by
Det(D) = an(· · ·a4(a3(a2a1 + 1) + 2) + 3) + · · · ) + an − 1,
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where [aℓ] = χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i.
Proof. From the previous theorem,
D
ks
−→ B([a1], [a2], ..., [an]),
where aℓ =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
, for ℓ = 1, 2, ..., n. By Conway’s formula [CJ], any
2-bridge knot has the determinant given in the statement of the theorem, therefore D does
as well.
Example 2.2.21 In this last example, we consider the virtual 2-bridge knot diagram D =
B(T1, T2, T3), where T1 = [v, 2,−2], T2 = [2,−2, v], and T3 = [−3]. By Lemma 2.2.18,
the diagram D is alternating. Again performing two k-swaps on D and then using two
Reidemeister II′ moves yields
D′ = B([−4], [4], [−3]).
We want to show that the Reducing Lemma gives the same D′ from D = B(T1, T2, T3). We
calculate only T2 and leave T1 to the reader. Starting with even n, x1 = ∅, and x2 = v, we
see that
ǫ(x1) = −1, ǫ(x2) = 1, χ(T2) = −1, x(T2) = ∅.
So by the Reducing Lemma,
T ′2 =
[
∅, (−1)(1)
2∑
i=1
(−1)iki
]
= [−((−1)2 + (−2))] = [4].
Also, T1 = [−4] by a similar calculation. Thus the Reducing Lemma agrees with our manip-
ulations of the diagram. By Theorem 2.2.19, we know that
Colp(D) = Colp(D
′) = Colp(B([−4], [4], [−3])).
Furthermore, using Theorem 2.2.20, we also know that
Det(D) = Det(D′) = (−3)(−16 + 1) + 2 = 47.
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2.3 Kauffman-Harary Conjecture for Alternating Virtual Knots and Swap
Moves
For convenience, we recall the Kauffman-Harary conjectures here.
Conjecture 2.3.1 (Kauffman-Harary Conjecture 1) Let D be a reduced alternating
knot diagram with a prime determinant p. Then every nontrivial Fox’s p-coloring of D
assigns different colors to different arcs of D.
Conjecture 2.3.2 (Kauffman-Harary Conjecture 2) Let D be a reduced alternating
virtual knot diagram with a prime determinant p. Then every nontrivial Fox’s p-coloring
of D assigns different colors to different arcs of D.
Theorem 2.3.3 Let D2 be obtained from D1 by a finite sequence of k-swap moves. Then
the Kauffman-Harary Conjecture (1.2.13) is true for an alternating virtual knot diagram D1
iff the Kauffman-Harary Conjecture is true for an alternating knot diagram D2.
Proof. By Corollary 2.1.6 and Theorem 2.1.4, the arcs in D1 are only relabeled in D2 after
the k-swap. The result follows.
Corollary 2.3.4 The Kauffman-Harary conjecture is true for an alternating knot diagram
D = T (2, [k1, k2, ..., kn, x2]), where x2 is either v or ∅.
Proof. By Theorem 2.2.6,
D
ks
−→ D′ =
(
T
(
2,
[
χ(T )ǫ(x2)
n∑
i=1
(−1)iki
])
,
where T = [k1, k2, ..., kn, x2]. By Corollary 2.1.8 and Theorem 2.2.6, D
′ is an alternating
classical diagram. In [KH], it was proven that alternating T (2, [n]) classical knots satisfy
the Kauffman-Harary conjecture. Therefore, alternating virtual 2-string braids satisfy the
Kauffman-Harary conjecture, by Theorem 2.3.3.
Corollary 2.3.5 The Kauffman-Harary conjecture is true for alternating virtual pretzel knot
diagrams D = P (T1, T2, ..., Tn), where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating even
virtual twist for ℓ = 1, 2, ..., n, and xi,j is either v or ∅.
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Proof. By Theorem 2.2.13,
D
ks
−→ D′ = P ([a1], [a2], ..., [an]),
where [aℓ] =
[
χ(Tℓ)ǫ(xℓ,2)
∑n
i=1(−1)
ikℓ,i
]
. Since D is an even alternating virtual diagram,
D′ is a classical alternating diagram (Corollary 2.1.8 and Theorem 2.2.13). In [AM], it
was shown that alternating pretzel knots satisfy the Kauffman-Harary conjecture. Thus,
Theorem 2.3.3 states that D satisfies the virtual Kauffman-Harary conjecture.
Remark 2.3.6 Since there are an odd number of virtual crossings in each virtual twist of
the odd alternating pretzel diagrams from Lemma 2.2.12, we can use the Reducing Lemma
to get one crossing in each twist. Further results in that area would need more research in
order to prove or disprove the Kauffman-Harary conjecture.
Corollary 2.3.7 The Kauffman-Harary conjecture is true for alternating virtual 2-bridge
link diagrams D = B(T1, T2, ..., Tn), where Tℓ = [xℓ,1, kℓ,1, kℓ,2, ..., kℓ,m, xℓ,2] is an alternating
even virtual twist for ℓ = 1, 2, ..., n, and xi,j is either v or ∅.
Proof. This is similar to Corollary 2.3.5. Note that 2-bridge knots satisfy the Kauffman-
Harary conjecture, as proved in [KL].
Remark 2.3.8 It was proved in [KL] that the Kauffman-Harary conjecture holds for any
2-bridge knot without restrictions on the determinant of the knot. However, the statement
of the conjecture needs to be changed from “every nontrivial n-coloring” to “there exists a
n-coloring,” where n is the determinant of a 2-bridge knot K.
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3 Conclusion
After defining the k-swap move, we proved that they induce a bijection between colorings
before and after the move in order to show that two knots are related by a sequence of k-swap
moves, then their colorings are the same. This also allowed us to prove that determinants do
not change after k-swap moves are performed. Furthermore, we proved that the k-swap does
not change the fundamental involutory quandles, and it does not change Jones polynomials
either.
Following the proofs concerning the invariance of the colorings and determinants of the
k-swap, we showed what the alternating conditions were for each of the three virtual knot
diagrams discussed. Only one of the families can be virtual after reducing via the Reducing
Lemma: the virtual pretzel knot diagrams. Next, we showed what each of the alternating
virtual knot diagrams’ (except for the odd alternating virtual pretzel knot diagrams) colorings
and determinants were via the Reducing Lemma. Finally, we proved that the Kauffman-
Harary conjecture holds for all of the above alternating virtual knot diagrams, except for the
odd alternating virtual pretzel knot diagrams. In that case, it is not clear to us what the
colorings are for these knot diagrams or what their determinants are so we cannot conjecture
whether or not they satisfy the Kauffman-Harary conjecture.
There are many questions regarding the k-swap and future work which could be done.
Does the k-swap hold for Alexander colorings of virtual knots? If not, can the k-swap be
generalized to include Alexander colorings? Are there any other colorings in which this
move hold? There is also no reason to restrict these moves to colorings or determinants, so
are there other invariants that the k-swap could be used to examine? For instance, what
happens to the Jones polynomial (or other polynomials) after the k-swap is performed? In
Kauffman’s work mentioned above, it was shown that the 1-swap is an invariant for Jones
polynomials so is this true in general? We would expect that the k-swap does something
interesting to the Alexander polynomial or the Conway polynomial, but again, more research
is needed.
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